Abstract: Experiment design for quantum channel parameter estimation includes the design of the quantum input to the channel and the observables to be applied on the resulting quantum output system, called the experiment configuration. An experiment design procedure based on maximizing the Fisher information of the qubit Pauli channel parameters is presented in this paper. It can be shown that the Fisher information is a convex function in both the input and the experiment configuration parameters. This leads to an optimal setting that includes pure input states and projective measurements directed towards the channel directions. An iterative method of estimating the channel directions is also proposed.
INTRODUCTION
It is a commonly known fact that system identification is intimately related to experiment design, the general aim of which is determining experimental conditions that result in good or even optimal identification results [Ljung, 1999] . Thus the method of identification, that is, model parameter and structure estimation, determines the methods applied for experiment design, too. In addition, the nature and properties of the system to be identified have also determining influence on identification and experiment design.
Quantum systems are quite special stochastic nonlinear systems, where the stochasticity and nonlinearity is caused by the back-action of the measurements on the measured system [Petz, 2008] . Therefore, even in the simplest static case, when the parameters of a non-dynamic quantum system are to be estimated one needs special estimation methods [Paris and Rehácek, 2004] , this case is called state tomography in theoretical quantum physics. The problem of optimal experiment design for quantum state tomography was first investigated by Kosut et al. [2004] who developed methods using convex optimization for this case. Since then, a few more papers can be found about optimal experiment design for quantum state estimation (see e.g. Nunn et al. [2010] for a recent paper), but the problem is far from being solved for all cases.
Quantum channels are widely used information transfer devices in quantum information theory [Nielsen and Chuang, 2000] , that map an input quantum system into an output one usually in a static way. The task of the estimation of quantum channels, commonly known as quantum process tomography (QPT) got a significant attention over about the last ten years. The work of Mohseni et al. [2008] gives a comprehensive survey on the different strategies used for process tomography (or channel estimation). The problem can essentially be formulated in two type of methods: direct, and indirect. In the indirect method, that is used in this paper, we trace the problem back to quantum state tomography, i.e. the information about the unknown quantum channel is obtained by sending known probe quantum systems through the channel, and performing state tomography on the output states.
The experiment design for quantum channel parameter estimation includes the design of the quantum input to the channel, and the observables to be applied on the resulting quantum output system, that is called the experiment configuration. Although the experiment design problem has also been formulated in the pioneering work of Kosut et al. [2004] , it is much less investigated than its state tomography counterpart. A recent paper of Branderhorst et al. [2009] gives a good overview of the state-of-the-art in the field.
Motivated by the above experiment design problems for quantum process tomography and by our recent work of optimization based quantum channel estimation [Balló and Hangos, 2010 ] the aim of this study was to propose optimization based experiment design for Pauli channels in the two level case, i.e. for quantum bits.
PARAMETER ESTIMATION AND FISHER INFORMATION OF PAULI CHANNELS

Quantum measurements and Fisher information
State representation of finite dimensional quantum systems The state of a finite dimensional quantum system is described by a so called density operator or density matrix ρ that acts on the underlying finite dimensional complex Hilbert space H. Density matrices are self-adjoint positive semidefinite matrices with unit trace, i.e. ρ ≥ 0, ρ * = ρ, Tr(ρ) = 1 .
(1) where ρ * denotes the adjoint of ρ.
Two-level quantum systems are called quantum bits, their density matrices are 2 × 2 complex matrices that are of the form
where σ 1 , σ 2 , σ 3 are the so-called Pauli matrices, and I is the unit matrix. The vector θ = (θ 1 , θ 2 , θ 3 ) T is in the 3-dimensional unit ball of R 3 . This state representation is called Bloch vector.
For a more general representation, let |φ i,1 and |φ i,2 be the normalized eigenvectors of the Pauli matrices σ i (i = 1, 2, 3). Then
which means that the three bases {|φ i,1 , |φ i,2 } (i = 1, 2, 3) are mutually unbiased, and form a so called MUB (mutually unbiased bases). In this formalism we have
Thus we can uniquely represent any density matrix with its Bloch vector θ given the MUB. If a POVM is performed as a measurement on the state ρ, then the possible outcomes are 1, 2, . . . , m and the probability of the outcome i is Tr(ρM i ). Let ρ θ be a parametrized quantum state and a POVM M = {M α : α ∈ A} is used for the measurement, where A denotes the set of measurement outcomes. Thus the probability distribution of the outcomes is
Quantum Measurements
which is a set of probability distributions parametrized by θ.
Fisher Information The Fisher information reflects the amount of information that a measured random variable can carry about the parameter θ = (θ 1 , . . . , θ k )
T . In other words, it measures the accuracy of the unbiased estimator θ of θ. Fisher information is a classical concept in statistics [Pukelsheim, 2006] , where the accuracy of the estimator is expressed by the covariance matrix:
where E is the expectation value.
The Fisher information matrix for the quantum setting when a parametrized density matrix ρ θ is measured using the POVM M can be written as
and the Cramér-Rao matrix inequality describes its relationship with the covariance matrix:
This bound shows that the higher the Fisher information, the better estimation we can have. The formula for F also shows that in the quantum case, it depends on the actual measurement POVM M with which the experiments had been performed, i.e. F (θ, M).
Quantum Channels
Quantum channels model the information transfer between quantum systems, i.e. they transform the source quantum system into a target one. A quantum channel E : B(H 1 ) → B(H 2 ) is defined to be a completely positive and trace preserving (CPTP) map, where B(H i ) is the operator algebra on the Hilbert space H i . This map can be represented by a set of operators, V i : H 1 → H 2 , called the Kraus representation, which gives the channel output as
and the operators must satisfy the relation i V * i V i = I in order to represent a trace preserving map.
We have to mention that the set of operators in the above representation is not unique. This drawback can be eliminated with another possible description of channels using the definition of the Choi matrix. Let H 1 and H 2 be Hilbert spaces, and E : B(H 1 ) → B(H 2 ) be a linear mapping that represents the quantum channel. To define the Choi matrix of E we take an orthonormal basis f 1 , ..., f n in H 1 . Then |f i f j | ∈ B(H 1 ) and E acts on this operator. Then the Choi matrix is
where ⊗ denotes the tensor product. Actually, the above matrix is a block matrix, its ijth element is E |f i f j | . The complete positivity of E is equivalent with the positivity of X E . Furthermore, E is trace preserving, if
Qubit Pauli Channels
A notable wide class of quantum channels are the Pauli channels. The Pauli channel acts on a density matrix in the general representation (4) as
To describe this channel we need the three real constants λ 1 , λ 2 , λ 3 (satisfying (11) and (12)) and the vectors |φ 1,1 , |φ 2,1 , |φ 3,1 (satisfying (3)). So a Pauli channel is given by 6 data items. Below the vectors |φ 1,1 , |φ 2,1 , |φ 3,1 will be called channel directions. The effect of the channel can then be described as depolarizing in each direction |φ i,1 with the corresponding parameter λ i .
Assume we know the channel directions, and use them to define the Pauli martices σ i , i = 1, 2, 3. Then the input density matrix ρ has the form (2), and the Pauli channel output is
The Choi matrix of this channel is the following:
The conditions of positivity for this matrix in terms of the parameters are
and the trace preserving property requires
Parameter estimation based on convex optimization
In our previous work [Balló and Hangos, 2010] , we introduced a method for the parameter estimation of quantum channel model families, based on convex optimization. The method assumed a known Choi matrix structure with unknown parameters, derived an affine approximation of this Choi matrix X E , and solved the parameter estimation problem based on the least squares objective arg min
so that X E ≥ 0, Tr 2 (X E ) = I with additional constraints on the parameters of the approximated Choi matrix. Thep α,γ numbers in (13) represent the relative frequency of the measurement outcome α in the experiment configuration γ. The configuration, that includes the input state ρ and the measurement POVM
In the general case, this method needs the fitting of the approximate Choi matrix to the exact one, which can be nonconvex. However, in the case of Pauli channels, we need no model approximation, thus the method results in a purely convex optimization problem. In this work, the results for Pauli channels are developed further by finding the optimal experiment configuration based on Fisher information maximization.
EXPERIMENT DESIGN IN THE KNOWN CHANNEL DIRECTION CASE
General problem statement
Suppose we have a quantum channel E λ with some fixed channel parameter vector λ. We would like to find the input state ρ and the measurement POVM M for which the Fisher information F (λ) of the channel parameters estimated from the channel output π λ = E(ρ) is maximal.
Concerning channels, it is more convenient to use the Choi matrix for the definition of the Fisher information. It can be seen that the probability p(α|λ) of the measurement outcome α of the state π λ can be rewritten as
is the configuration matrix. Using this, the Fisher information will be
To obtain a scalar valued objective function, let us take the trace of this matrix:
It can be shown that the functionF is convex in the configuration matrix C α , thus convex both in the input ρ and the used measurement POVM M if we fix the other to be a constant. It follows thatF should take its maximum at an extremal point of the feasible region containing the possible experiment configurations. The border of the quantum state space is the set of pure states i.e. the set of rank one projections. Thus, the optimal input state will be pure, and the optimal measurement POVM will be a so called extremal POVM [D'Ariano et al., 2005] .
The optimal configuration for qubit Pauli channels
Now we study the case of Pauli channels. Three channel directions can be obtained from the eigenvectors of the three Pauli matrices σ 1 , σ 2 and σ 3 . In this case, if the input state ρ is (2) then the channel will transform the state as (10). We will assume here, that the three depolarizing directions of the Pauli channel are known. Because of the rotational symmetry of the Bloch ball, the obtained results will apply to any other Pauli channel, with different directions, as we can just rotate the ball and apply the derivation presented here.
Considering measurements, in this paper the experiment design problem is solved for projective measurements, which can be represented with two-element extremal POVMs {|ψ ψ|, I − |ψ ψ|} [D' Ariano et al., 2005] . This ensures the non-singularity of the Fisher information matrix (6), as each parameter is estimated independently from a two-element extremal POVM. Let these POVM elements be represented with the Bloch vectors m and −m with m 2 = 1. Let also the input state be in Bloch parametrization (2), with the Bloch vector denoted as b.
Then the channel output with channel parameter vector λ = [λ 1 , λ 2 , λ 3 ] T will be (10), and if we derive the trace of the Fisher information matrix with respect to the channel parameters, we get
Now the experiment design problem can be formulated as determining the maximal value ofF (λ) by choosing m and b. Recall that the unit length requirement on the vectors b and m follows from the convexity ofF , which we want to maximize. Note also that the above formula is a special case of Eq. (14).
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Let us now define the vector c = [m 1 b 1 , m 2 b 2 , m 3 b 3 ] T , which can be tought of as the configuration vector of the channel estimation problem, which incorporates not only the input state and measurement information, but in this case also the assumptions on the channel structure. The objective (15) will then bẽ
It is easy to see that the set of all possible c vectors form an octahedron inside the Bloch sphere, whose vertices are the unit vectors pointing to the three directions of the channel. This can be proven using Hölder's inequality:
Thus the set of all c vectors is convex, moreover we have equality if and only if |b i | 2 = |m i | 2 , i.e. when the vectors b and m are parallel.
As the objective is convex in both b and m and thus in c we know that it takes its maximum at a vertex of the octahedral feasible set. Thus the optimal c has not only unit 1-norm, but unit 2-norm too. This can only happen if only one component of c is nonzero, which means that both the input and the measurement have to be in the same channel direction. This implies that the objective is maximized clearly if the direction of c is that direction, for which |λ i | is maximal. Let this be for example λ 1 , then the optimal objective will bẽ
Optimal parameter estimation of qubit Pauli channels
The general least squares objective function in Eq. (13) used for process tomography can be simplified using the optimal experiment configuration.
For the case of qubit Pauli channels, we can express the outcome probabilities in the configuration γ as
Substituting this into the objective function (13), we get arg min
so that |1 ± λ 3 | ≥ |λ 1 ± λ 2 | . If we assume that the channel is truly Pauli, then we do not need the constraints on the parameters, because the global minimum of the objective function will be inside the feasible region. Applying the optimal tomography configuration, we get arg min
which can be written as
Here thep ± vectors contain the measured +1 and −1 outcome probabilities (i.e. the relative frequencies) for each configuration. Setting the gradient equal to zero, we get the optimal estimator for the channel parameters:
λ =p + −p − . Thus if the optimal configurations are used, then the qubit Pauli channels can be estimated in a very efficient way.
In this section, we assumed that the Pauli channel directions are known. This, however, is not true in general so the next section describes a method to estimate these directions.
ESTIMATING THE CHANNEL DIRECTION
If we do not know the exact three directions |φ 1,1 , |φ 2,1 , |φ 3,1 in which the Pauli channel is depolarizing, then quantum state estimation steps can be used to determine this structure. The proposed method is essentially an adaptation of the power iterations algorithm from linear algebra.
Let us fix three vectors |ϕ 1,1 , |ϕ 2,1 , |ϕ 3,1 satisfying (3). Then using these, the operators |φ i,1 φ i,1 | , i = 1, 2, 3 can also be expressed in the form of (4) with Bloch vectors v 1 , v 2 , and v 3 . These vectors form a basis in R 3 . Let us further assume that the input qubit to the Pauli channel is represented by the Bloch vector b in the {v i } basis representing the channel directions.
Then, the effect of the channel for the input Bloch vector b ( b ≤ 1) can be written as m which got scaled by the parameter λ m of the largest absolute value will suffer the smallest relative decrease among nonzero components ofb (0) .
The Case of Different Channel Parameter Values
If we continued this procedure, and put the channel output b (n) back into the channel as input to get the output b (n+1) , then the sequence
would be a Cauchy sequence, thus would converge to the direction v m . However, the length b (n) of the sequence will converge to zero, so the method in this form cannot be used for channel direction estimation.
To prevent the vector sequence from converging to the maximally entangled state, we have to normalize the output Bloch vector b (n) after each step. This means that we have to exchange the output state with the pure state which points in the same direction. Thus we need to perform quantum state tomography. After the normalization of b (n) , we get the pure stateb (n) , which can be put again in the channel. This way, the Cauchy sequence of vectors converge to v m .
After the first channel direction v m was found using this procedure, we can continue the search in the plane orthogonal to v m . However, due to the inaccuracies in state tomography, the direction we will find will not be exactly v m , rather some vectorb * ≈ v m . Thus, it is more robust if we apply a projection to the output vector, onto the subspace in which we want to do the searching. When the second direction is found, then the third can be easily obtained, as it will be the one orthogonal to both the first and the second direction. Thus the direction estimation procedure is finished.
The Case of Equal Channel Parameter Values
In the degenerate cases when some of the channel parameters λ i have equal absolute values, then the channel is equally depolarizing in the linear span of those directions, i.e. there are no exact channel directions defined in that subspace. This means that we can use any state inside this subspace as channel direction, so the sequence b
of states is only required to converge to an arbitrary state inside this subspace, which is guaranteed by the above procedure.
Algorithm for Direction Estimation
The procedure described in the previous subsections can be summarized in the following algorithm. We would like to estimate the three depolarizing directions of a qubit Pauli channel E. Let the set of found channel directions be D. We start with D = {} and n = 0.
(1) Prepare a pure stateb
(2) Putb (n) into the composite channel E k formed by cascading k instances of the channel E, then get the output b (6) If the distance b (n) −b (n+1) is smaller than some value determined by the variance of the used quantum state estimation method, then continue with step (7). Else increase n by 1 and continue with step (2).
(7) Putb (n+1) into the vector set D, set n to 0 then restart with step (1).
This algorithm -though rather resource intensive -thus estimates the directions of a Pauli channel. During the algorithm, we can get information also on the channel parameters, which can be made more accurate using the optimal tomography configurations described in Section 3.2, thus making a two step Pauli channel estimation procedure.
CASE STUDY
In this section we show some examples on process tomography which demonstrates the differences between nonoptimal and optimal experiment configurations. 
Pauli channel estimation with nonoptimal configuration
First, we perform an experiment with the minimal POVM described by , which is tomographically complete. In this case only one configuration is used with a total number of measurements n tot = n γ = 4500, and with the pure input state
The characteristic quantities are plotted in Figure 1 .
Pauli channel estimation with nonoptimal input state
In this case, the measurements were performed in the three optimal measurement directions using three experiment configurations. The input state, however, was a nonoptimal pure input state
T in all three configurations. The characteristic quantities are plotted in Figure 2 .
Pauli channel estimation with optimal experiment configuration
In this setup, both the input and measurement were optimal with respect to the known channel directions. The characteristic quantities are plotted in Figure 3 .
The results indicate, that the efficiency of the optimal experiment configuration highly outperforms the nonoptimal ones. We can also see that in the optimal setting, 
CONCLUSIONS AND FUTURE WORK
An experiment design procedure based on maximizing the Fisher information of the output of a qubit Pauli channel is presented in this paper. The Fisher information is a convex function in both the input and the experiment configuration parameters. This leads to an optimal setting that includes pure input states and projective measurements directed towards the channel directions. A simple way of estimating the channel parameters in the optimal configuration is also given.
Furthermore, an efficient iterative method of estimating the channel directions is also proposed.
The performance of the optimal configuration compared to other widely used ones is demonstrated with an example.
Further work will be directed to extend our results to the n-level quantum channel case using the notion of generalized Pauli channels [Petz and Ohno, 2009 ] and our optimization-based channel parameter estimation results for this case [Balló and Hangos, 2010] .
